Abstract. Let (M, g T M ) be a noncompact enlargeable Riemannian manifold in the sense of Gromov-Lawson and F an integrable subbundle of T M . Let k F be the leafwise scalar curvature associated to g
Introduction
The concept of enlargeability due to Gromov and Lawson has played an important role in their classical papers [9] , [10] ) of nonzero degree such that f is constant near infinity and that for any X ∈ Γ(T M ), one has |f * (X)| ≤ ε|X|. It is easy to see that when M is compact, the concept of enlargeability does not depend on the choice of the Riemannian metric g T M . However, when M is noncompact, this concept does depend on the chosen metric (cf. [4 
, Theorem B]).
A famous result of Gromov-Lawson [10, Theorem 7.3] states that if (M, g T M ) is a spin enlargeable complete Riemannian manifold and k T M is the scalar curvature associated to g T M , then inf(k T M ) ≤ 0. That is, there is no uniform positive lower bound of k T M . In this paper, we generalize the above result to the case of foliations. To be more precise, let F ⊆ T M be an integrable subbundle of the tangent bundle T M of M. Let g F = g T M | F be the restricted Euclidean metric on F , and k F ∈ C ∞ (M) be the associated leafwise scalar curvature (cf. [16, (0.1)]).
With the above notation, the main result of this paper can be stated as follows. When F = T M and g T M is complete, one recovers the above Gromov-Lawson result. When M is compact, Theorem 0.1 has been proved (at least in details for compactly enlargeable manifolds) in [17] . So in this paper we will concentrate on the case of noncompact M.
Recall that in the case of noncompact M and F = T M, Gromov and Lawson make use of the relative index theorem in [10, §4] to prove their result. However, in the case of general F here, even if (M, F, g T M ) is a Riemannian foliation, one does not get a positive lower bound of k T M over M if one only assumes that inf(k F ) > 0. This indicates that one can not use the relative index theorem directly to prove Theorem 0.1. To overcome this difficulty, we will use the method developed in [17] where a proof without using the relative index theorem is given for the Gromov-Lawson theorem on spin enlargeable manifolds. This amounts to deform the Dirac operator in question by endomorphisms of the involved (twisted) Z 2 -graded vector bundle, which are invertible near infinity (cf. [17, (1.11) ] and (1.18)).
On the other hand, since the Euclidean space R n is enlargeable (cf. [10] ), as a direct consequence to Theorem 0.1, one gets the following result stated by Gromov [8, §3.12] (see also [7, p. 192] , where the case of M = R n is stated).
admits no distance nonincreasing proper map M → R n with nonzero degree.
Gromov [8] indicates that he would prove Corollary 0.2 by making use of the following Connes vanishing theorem [5] which generalizes the famous Lichnerowicz vanishing theorem [12] to the case of foliations: an integrable spin subbundle of the tangent bundle of a closed oriented manifold of nonzero A-genus 1 admits no Euclidean metric of positive leafwise scalar curvature. Recall that Connes [5] proves his celebrated theorem by making use of cyclic cohomology as well as the Connes-Skandalis longitudinal index theorem for foliations [6] .
In [16] , Zhang gives a differential geometric proof of Connes' result. Moreover, he obtains the following alternate generalization of the Lichnerowicz vanishing theorem to the case of foliations: there is no Euclidean metric of positive leafwise scalar curvature on any integrable subbundle F of the tangent bundle of a closed spin manifold M with A(M) = 0.
We will combine the methods in [16] and [17] to prove Theorem 0.1. In particular, the sub-Dirac operators constructed [13] and [16] , as well as the Connes fibration introduced in [5] (cf. [16, §2.1]), will play essential roles in our proof. Note that we do not assume a priori that g T M is complete. This is different with respect to what in [10] . 
When M is compact and the homotopy groupoid of (M, F ) is Hausdorff, Theorem 0.3 is proved by Bernameur and Heitsch in [2] . In [17] 
is the standard unit sphere of dimension dim M, such that there exists a compact subset K ε ⊂ M ε verifying that f ε is constant on M ε \ K ε and deg(f ε ) = 0. Moreover, for any X ∈ Γ(T M ε ), one has
where g T Mε is the lifted metric π * ε g T M . From now on, we assume that g T M is enlargeable. Without loss of generality, we assume that for any ε > 0,
, where x 0 is a fixed point on
Without loss of generality, we assume that dim M is even.
2
Let F be an integrable subbundle of the tangent bundle T M. Let g F = g T M | F be the induced Euclidean metric on F . Let k F ∈ C ∞ (M) be the leafwise scalar curvature associated to g F (cf. [16, (0.1)]). We will prove Theorems 0.1 and 0.3 by contradiction. Thus we assume first that there is δ > 0 such that
Let F ⊥ be the orthononal complement to F , i.e., we have the orthogonal splitting
and carrying a Hermitian connection
, with k = rk(E 0 ), be the canonical Hermitian trivial vector bundle, with trivial Hermitian connection, on S dim M (1). Let w ∈ Γ(Hom(E 0 , E 1 )) be an endomorphism such that
be the adjoint of w with respect to g E 0 and g E 1 . Set
Let ε > 0 be fixed temporarily.
be the lifted foliation, with g Fε = π * ε g F being the lifted Euclidean metric on F ε . The splitting (1.3) lifts canonically to a splitting
Following [10] , we take a compact hypersurface H ε ⊂ M ε \ K ε , cutting M ε into two parts such that the compact part, denoted by M Hε , contains K ε . Then M Hε is a compact smooth manifold with boundary H ε .
Let M
′
Hε be another copy of M Hε . We glue M Hε and M
Hε along H ε to get the double, which we denote by M Hε .
The Connes fibration. Following
is the space of Euclidean metrics on the linear space T x M ε /F ε,x . Let T V M ε denote the vertical tangent bundle of the fibration π ε : M ε → M ε . Then it carries a natural metric g T V Mε such that any two points p, q ∈ M ε,x with x ∈ M ε can be joined by a unique geodesic along M ε,x .
Let d
Mε,x (p, q) denote the length of this geodesic. By using the Bott connection on T M ε /F ε , which is leafwise flat, one lifts F ε to an integrable subbundle
and carries a canonically induced metric g
The metric g
. 3 We may well assume that For any β, γ > 0, following [16, (2.15) ], let g T Mε β,γ be the metric on T M ε defined by the orthogonal splitting,
For any R > 0, let M ε,R be the smooth manifold with boundary defined by
Consider another copy M ′ Hε,R of M Hε,R . We glue M Hε,R and M ′ Hε,R along H ε ∩ M ε,R to get the double, denoted by M Hε,R , which is a smooth manifold with boundary. Moreover, M Hε,R is a disk bundle over M Hε . Without loss of generality, we assume that
be the smooth map defined by
vector bundle with Hermitian connection on M Hε,R . Then E ε,R = E ε,R,0 ⊕ E ε,R,1 is a Z 2 -graded Hermitian vector bundle over M Hε,R .
1.3. Adiabatic limits and deformed sub-Dirac operators on M Hε,R . We assume first that T M is oriented and spin. Then T M ε = π * ε (T M) is spin, and thus 15)] ). 4 Here we need not assume that g
) be the sub-Dirac operator on M Hε,R constructed as in [16, (2.16) ]. Then it is clear that one can define canonically the twisted sub-Dirac operator (twisted by E ε,R ) on M Hε,R , [16, (2. 28)], one sees that the following indentity holds on M Hε,R , in using the same notation for Clifford actions as in [16] ,
where −∆ E,ε,β,γ ≥ 0 is the corresponding Bochner Laplacian,
is an orthonormal basis of (F ε , g Fε ). The subscripts in O ε,R (·) mean that the estimating constant may depend on ε and R.
On the other hand, since g Fε = π * ε g Fε , one has via (1.1) and (1.10) that
where the estimating constant does not depend on ε and R. , while f (t) = 1 for , while h(t) = 0 for 7 8 ≤ t ≤ 1. For any p ∈ M Hε,R , we connect p and s( π ε (p)) by the unique geodesic in M ε, πε(p) . Let σ(p) ∈ F ⊥ ε,2 | p denote the unite vector tangent to this geodesic. Then
is a smooth section of F ⊥ ε,2 | M Hε,R . It extends to a smooth section of F ⊥ ε,2 | M Hε,R , which we still denote by σ. It is easy to see that we may and we will assume that σ is transversal to (and thus no where zero on) ∂ M Hε,R .
The Clifford action c( σ) (cf. [16, (1.47 
We also set
where W is defined in (1.5). Then W f ε,R is an odd endomorphism of E ε,R and thus also acts on 
, one has 
β s from which one gets,
where we identify a one form with its gradient. Let f 1 , . . . , f q (resp. h 1 , . . . , h q 1 ; resp. e 1 , . . . , e q 2 ) be an orthonormal basis of (
). Then by [16, (2.17) ] one has
From (1.4), (1.10) and (1.17), one has
while for any X ∈ F ⊥ ε,2 , one has
Fε , one has via (1.1) and the first equality in (1.28) that for any X ∈ F ε ,
and that for any X ∈ F ⊥ ε,1 ,
Similarly, by proceeding as in (1.31) and [17, (1.20) ], one has for j = 1, 2 that
From (1.26) and (1.31), one has
By (1.13)-(1.15) and proceeding as in [16, p. 1058-1059] , one gets
From (1.21), we know that
From (1.25), (1.32) and (1.36), one gets (1.19) easily.
To prove (1.20), for any smooth section s in question, one has as in (1.25) that
From (1.31) and the first equality in (1.38), one has
By proceeding as in [16, (2.27 )], one has on M Hε,R \ s(M Hε ) that
From (1.31), the second equality in (1.38) and (1.40), one gets
From (1.35), (1.39) and (1.41), one gets
From (1.32) and (1.42), one gets (1.20) easily.
1.4. Elliptic operators on N ε,R . Let Q be a Hermitian vector bundle over M Hε,R such that
By obviously extending the above trivial vector bundles to N ε,R , we get a Z 2 -graded Hermitian vector bundle ξ = ξ + ⊕ ξ − over N ε,R and an odd self-adjoint endomorphism
Recall that h( ρ R ) vanishes near M Hε,R ∩ ∂M ε,R . We extend it to a function on N ε,R which equals to zero on N ε,R and an open neighborhood of ∂ M Hε,R in N ε,R , and we denote the resulting function on N ε,R by h R .
Let π N ε,R : T N ε,R → N ε,R be the projection of the tangent bundle of N ε,R . Let . Thus γ N ε,R is an elliptic symbol.
On the other hand, it is clear that h R D
h R is well defined on N ε,R if we define it to equal to zero on
be a second order positive elliptic differential operator on N ε,R preserving the Z 2 -grading of ξ = ξ + ⊕ ξ − , such that its symbol equals to |η| 2 at η ∈ T N ε,R .
6 As in [16, (2. 33)], let P
be the zeroth order 6 To be more precise, here A also depends on the defining metric. We omit the corresponding subscript/superscript only for convenience.
pseudodifferential operator on N ε,R defined by
be the obvious restriction. Then the principal symbol of P E ε,R ε,R,β,γ,+ , which we denote by γ(P E ε,R ε,R,β,γ,+ ), is homotopic through elliptic symbols to γ N ε,R . Thus P E ε,R ε,R,β,γ,+ is a Fredholm operator. Moreover, by the Atiyah-Singer index theorem [1] (cf. [11, Th. 13.8 of Ch. III]) and the computation in [10, §5] , one finds
where the inequality comes from (1.4). For any 0 ≤ t ≤ 1, set
ε,R,β,γ,+ (t) is a smooth family of zeroth order pseudodifferential operators such that the corresponding symbol γ(P E ε,R ε,R,β,γ,+ (t)) is elliptic for 0 < t ≤ 1. Thus P 
Since P E ε,R ε,R,β,γ (0) is formally self-adjoint, by (1.46) and (1.48) we need only to show that dim ker P E ε,R ε,R,β,γ (0) = 0 (1.51) for certain ε, R, β, γ > 0.
Let s ∈ ker(P We need to show that (1.56) implies s 1 = 0. As in (1.37), one has (1.57)
β (ϕ ε,R,2 s 1 ) − c β,γ (dϕ ε,R,1 ) s 1 − c β,γ (dϕ ε,R,2 ) s 1 .
By proceeding as in the proof of (1.39), one gets On the other hand, by using Lemma 1.1 and proceeding as in [16, From the above proof, one sees that for Theorems 0.1 and 0.3 to hold, one need only to assume that (1.1) holds for X ∈ Γ(F ε ). Moreover, when M is compact and M ε might be noncompact, the above proof can also be seen as to complete in details the proof of the main results in [17] for non-compactly enlargeable foliations.
